The Galilean covariance, formulated in 5-dimensions space, describes the non-relativistic physics in a way similar to quantum field theory. Using a non-relativistic approach the Stefan-Boltzmann law and the Casimir effect at finite temperature for a particle with spin zero and 1/2 are calculated.
I. INTRODUCTION
The non-relativistic physics is described by Galilean covariance. There are numerous applications, for instance in condensed matter physics [1, 2] , in superfluidity phenomenon [3] among others. The algebraic structure underlying Galilean covariance is more intricate than its relativistic counterpart. Still it is possible to write a geometric formulation of Galilean transformations.
The Galilean covariant formalism consists in extending the ordinary space-time by adding an extra dimension. This involves its embedding in a five-dimensional, (4 + 1), de Sitter space. Mathematically, this corresponds to a central extension of the Galilean group, and thereby enables us to deal only with vector representations. Thus the Galilean vector is defined as x µ = (x, t, s), where s represents an extra dimension. The momentum vector p µ , in 5-dimensions, is interpreted physically as: p, E and m.
The Galilean symmetry is used to understand the electric and magnetic limits of electromagnetism [4] . An extension to describe non-relativistic particles with any spin has been developed [5] . A guide to the tensor structure of the Galilean transformations involving the extra dimension was introduced by Takahashi [6] [7] [8] . Since then numerous applications have been considered: tensor analysis has been developed [9] , non-relativistic Lagrangian field models have been constructed [10] , quantization of non-relativistic fields has been analyzed [11, 12] , a covariant Galilean gravity theory has been written [13] , weak-field approximation of locally Galilean invariant gravitational theories has been examined [14] , among others.
The intent of this article is to obtain the non-relativistic counterpart of the StefanBoltzmann law and Casimir effect for a free particle of mass m obeying the Schroedinger and
Pauli-Schroedinger equations. The Galilean covariance approach provides a well defined way to understand phenomenon at low energies following the insights of quantum field theory.
There are three ways to understand role of temperature on Stefan-Boltzmann law and Casimir effect. First the Matsubara formalism is applied to system in equilibrium by associating temperature with a complex time coordinate [15] . Secondly the closed time path formalism [16, 17] is the real time formalism which leads to a doubling of degrees of freedom of systems. It can be applied to both equilibrium and non-equilibrium phenomena. Finally there is the Thermo Field Dynamics (TFD) [18] [19] [20] [21] [22] [23] that doubles the Fock space and uses the Bogoliubov transformation to introduce temperature. This formalism is used for systems in equilibrium. In the present work this formalism will be used.
In section II, the Galilean covariance is briefly described. In section III, the Thermo Field Dynamics approach is introduced. In section IV, the non-relativistic analog of the Stefan-Boltzmann law and the Casimir effect for a free particle with spin zero and 1/2 are presented. Finally in the last section some observations are given.
II. GALILEAN COVARIANCE
Galilean Physics is present in all aspects of Classical Mechanics as well as in the quantum world since the Schroedinger equation respects the Galilei group. The Galilei transformations are given by
They define a group whose subgroups describe temporal, spatial translations, rotations and boost transformations.
In order to construct a particle theory an unitary representation of the Galilean group is used. However it is not possible to achieve such a goal with above transformations (1). It is necessary to introduce the Galilean covariance [5] .
In order to obtain covariant Galilean transformations let us recall the dispersal relation 
Here g µν is the Galilean metric. There is a manifold endowed with such a metric whose coordinates transform as
where a µ = (a, b, 0) and Λ µ ν is given by
The invariant line element is
with g µν = Λ 
Here rotation, M ij → ǫ ijk J k , translation, P i , temporal translation, P 4 → −H, and boost,
The Schrodinger equation which has Galilean symmetry is written covariantly in the
This implies that a massless scalar field defined in the 5-dimensional Galilean manifold leads to the Schroedinger equation. A massless Dirac field leads to the Pauli-Schroedinger equation,
III. THERMO FIELD DYNAMICS
Thermo Field Dynamics (TFD) is introduced in a covariant formalism. The main idea in TFD formalism is a doubling of the Fock space S leading to S T = S ⊗S, whereS is the fictitious Fock space. For an arbitrary operator X the standard doublet notation is
with ξ = −1 for bosons and ξ = +1 for fermions. The map between the tildeX i and non-tilde X i operators is defined by the following tilde conjugation rules:
The Bogoliubov transformation introduces thermal effects through a rotation between tilde and non-tilde variables. Using the doublet notation we get
where the Bogoliubov transformation, B(α), is given as
with u 2 (α) + ξv 2 (α) = 1. The temperature, T , is associated with the parameter, α, as α = 1/k B T , where k B is the Boltzmann constant.
As an example, consider the propagator for the scalar field given as
where,
Here a, b = 1, 2 and τ is the time ordering operator. Using the thermal vacuum |0(α) = B(α)|0,0 the propagator becomes
where
with
and
where M is the scalar field mass.
As physical quantities are given by the non-tilde variables we obtain
where the generalized Bogoliubov transformation [24] is given as
with d being the number of compactified dimensions, η = 1(−1) for fermions (bosons) and {σ s } denotes the set of all combinations with s elements.
IV. NON-RELATIVISTIC STEFAN-BOLTZMANN LAW AND CASIMIR EF-FECT
In this section the Stefan-Boltzmann law and Casimir effect at finite temperature are obtained for Schroedinger and Pauli-Schroedinger equations.
A. Schroedinger equation
In the framework of 5-dimension Galilean space the Schroedinger equation is represented by a massless, M = 0, scalar field. Its Lagrangian density is given as
In order to calculate the Stefan-Boltzmann law and Casimir effect the energy-momentum tensor is
To avoid divergences, the energy-momentum tensor is rewritten at different space-time points
Averaging on a vacuum state leads to the Green function [11] ,
where m is the particle mass. Using such a function average of every component of the energy-momentum tensor diverges in the limit x µ → x ′µ when a zero temperature state is used.
Calculating the energy-momentum tensor at finite temperature leads to
where G 
where ζ(3/2) is the Riemann Zeta function. This is the non-relativistic Stefan-Boltzmann law. It is interesting to compare this result with usual relativistic approach to such a calculation that yields
Analogously the non-relativistic Casimir energy is 0(β) T 33(11) 0(β) = − 1 2 lim
where α = (0, 0, i2d, β, 0), n 3 = (0, 0, 1, 0, 0) and d is the distance between two parallel plates.
This is the non-relativistic Casimir energy for spin zero particles at finite temperature. It is interesting to compare this result with usual relativistic approach to such a calculation that
B. Pauli-Schroedinger equation
The Pauli-Schroedinger equation is described by the Dirac-like Lagrangian density in the Galilean manifold as
Similar to the previous case, the energy-momentum tensor is calculated at different points of space-time, then
Averaging it on a vaccum state and using γ µ γ µ = 5 we get 0 |T µν | 0 = lim
In this form the components of the averaged energy-momentum tensor diverge. In a thermal vacuum state the energy is 0(β) T 44(11) 0(β) = −5 lim
This represents the Stefan-Boltzmann law for the non-relativistic spin-half particle. The non-relativistic Casimir energy for a spin-half particle at finite temperature is 0(β) T 33(11) 0(β) = −5 lim
0 (x µ − x ′µ − iβjn 4 − 2dγn 3 ) = 5m m 2πβ
3/2 ∞ j,γ=1
(−1) j+γ j 3/2 4md 2 γ 2 − jβ j 2 β 2 exp − 2md 2 γ 2 jβ .
V. CONCLUSION
The Galilean covariance is defined in a framework with 5-dimensions. Such a space is to be viewed as an Euclidean space embedding in a (4,1) de Sitter space. The finite temperature effects are introduced using the Thermo Field Dynamics. The non-relativistic StefanBoltzmann law and Casimir effect at finite temperature for a free particle are obtained using the Schroedinger and Pauli-Schroedinger equations in the Galilean covariant formalism. The non-relativistic Stefan-Boltzmann law represents just the energy of a free particle with spin zero or 1/2, while the non-relativistic Casimir effect means just the pressure of such a single particle.
